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1. Introduction 

In this paper, we study the limiting property of the K energy on compact 
Kahler hypersurface of CP n with positive first Chern class. 

For a compact Kahler manifold with positive first Chern class, one of 
the most important problems is the existence of Kahler-Einstein metric. If 
the manifold is a complex surface, the problem was solved in ||. In higher 
dimensions, the existence of Kahler-Einstein metrics is related to certain 
geometric stability (cf. @). 

The notation K-stability was introduced in 0] as a necessary condition 
to the existence of Kahler-Einstein metric. It is defined as follows: 

Let M be a compact Kahler manifold in CP n such that there is a constant 
a > with auFS & c\{X). M has this property if it is Fano and if the 
embedding is given by the anticanonical bundle. Let a{t) be a one parameter 
family of automorphisms of CP n . We write 

a(t)[Z Q ,--- ,Z n ] = [t Xo Z ,--- ,t x »Z n ] 

for integers Ao, • • • , A ra with ]P A, = 0. Then we can define a family of 
metrics tot = a{t)*ujps on M such that aujt £ c\{M). Let A4(u>,Ldt) be the 
K energy with respect to the metric aco and aujt (for the definition of the 
K energy defined by K, see next section). It is known that 



(1.1) 



lim t— M.(u>, uot) 



A 
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exists Q. If M(u!,uJt) has a lower bound, then A > 0. Since the one 
parameter family of automorphisms a(t) is generated by the holomorphic 
vector field X = ^2 XiZ^-^-, we come up with the following definition |7j: 

Definition 1.1. We say that M is K stable if for any holomorphic vector 
field X on CP n with Ao, • • • , A n integers, 

]hnt-^-M(cj,ujt) > 0. 
t->o dt 

If the above quantity is nonnegative for all vectors X on CP n , we say M is 
K semistable. 

The general setting which relates the K energy and the Futaki invariant 
is as follows: Let M be a hypersurface of CP n . Let X be the vector field of 



CP n in Definition 1.1 . Suppose M is defined by a polynomial F = and let 
Ft = a(—t)*F. The degeneration of M by X is defined as the hypersurface 
in C x CP n by G(t, ■ ■ ■ ) = Ft{- • • ) = 0. The center fiber of the degeneration 
is defined as the intersection of the degeneration with the set {0} x CP n , 
excluding the factor t a = 0. 



Remark 1.1. Definition LI is a little bit more general than that in 0. In 



fact, in [y or 0, the quantity A is represented as the (real part) of the 
(generalized) Futaki invariant of the center fiber if the center fiber is a normal 
variety. However, the exact same proof can go through if we assume that 
the center fiber does not have multiplicity greater than 1 (that implies, one 
can define the "Fut&kF invariant the same as the usual one for algebraic 
cycles with multiplicity 1). 



Remark 1.2. For our application, we only need the notion of K semist ability, 
since our first result only works on a dense subset of all vector fields on CP n . 
Thus for the sake of simplicity, in this paper, we will use the terminology K 
stability for both K stability and K semist ability. On the other hand, when 
we consider the limiting property of the K energy, it doesn't make much 
difference assuing t is real or complex. Thus in the rest of this paper, we 
always assume that t is a real number. 

The motivation of our work is to find an effective way to verify the K 
stability. In general, this is a harder problem than the problem of finding 
an effective way to compute the Futaki invariant, because the K energy is 
the nonlinear version of the "Futaki" invariant (see |J). By the work of [Q] 
or |7|], if the center fiber is normal, the quantity A is the real part of the 
corresponding Futaki invariant. In this paper, we consider the case where 
M is a hypersurface in CP 11 of degree less than or equal to n. Then M is 
a Fano variety and one can compute the Futaki invariant by a very simple 
formula in § (see also Q by a completely different method). 

The technical difficulty in the proof is that the degeneration of a hyper- 
surface under a one parameter subgroup is "generically" an algebraic cycle 
of multiplication greater than 1. If that is the case, we would not be able 
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to generalize the argument in [|J directly. In fact, our result shows that 
the limit may not depend on the center fiber alone. This is on one side 
unexpected by the work of [|]]. On the other side, one realizes that if the 
center fiber is a union of hyperplanes, it contains too little information of 
the degeneration so that extra piece of information from the degeneration is 
needed. 

In this paper, we overcome the above difficulty in the case that the center 
fiber is of multiplicity great than one. We first represent the K energy into 
an explicitly formula(Theorem |2.ip . Then we carefully analyze the integrand 
in the formula by using some analytic techniques and a recently result of 
Phong and Sturm Q to get the conclusion. 

Our result can be generalized to case of complete intersections and even 
general projective manifold. The results will appear in a subsequent paper. 

Before stating the main result, we setup some notations: let M be defined 
by the zeros of the polynomial 

(1.2) F = Y,<H2$-Z< 

i=0 

of degree d. Let (Ao, • • • , A n ) be the rational numbers satisfying ^ X, L = 0. 
Let 

n 

(1.3) A= Max£> fe 4). 



k=0 



Let 



(1.4) (p(x , ■■■ ,x n )= Mm (- V \ k a\ + V a\x k ), 

0<t<p * — * * — * 
fc=0 k=0 

and let 

(1.5) ipi(x) =ip(0,--- ,x,--- ,0). 
Then we have the following 

Theorem 1.1. For "generic" (See section 3 for details) (Ao,-- - ,A n ), we 
have 



limi— M(t) 

r^O dt V ' 

2 / \{d- l)(n + l) 
d \ n 



n r-OO \ 

+ Y\ / - l)dx . 

i=0 Jo J 



Since for a Kahler-Einstein manifold, the K energy has a lower bound, 
we have the following: 
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Theorem 1.2. If M is a Kahler- Einstein hypersurface with positive first 
Chern class, then we have 



n 



OC 



A(d-l)(n + l) + ^ / ^ xM(x) _ 1)dx > 



for any Aq • • • , A ra G K wi/i ^ Aj = 0. 



Proof of Theorem |l-2j . The expression in the theorem is continuous 
and homogeneous with respect to Ao, ■ • • >A n . So by taking the limit, we 
proved that the inequality is valid for any choice of Aq, • • • , A n G M. □ 



Remark 1.3. As proved in Theorem 3.1, one can define the generalized Fu 



taki invariant for the degeneration as hmtM'(t). When the center fiber is 

t-»o 

a normal variety, it is the generalized Futaki invariant defined in [|J by the 
work of Q. However, Theorem |1.2j is more powerful in the hypersurface case 
than that in [|J because of the flexibility of the choices of X. 

Acknowledgment. The author thanks P. Li, D.H. Phong and G. Tian 
for the encouragement during the preparation of this paper. Special thanks 
to L. Katzarkov who helps the author clarify a lot of concepts in algebraic 
geometry. 

2. An explicit formula for the K energy 

In this section, we give an explicit formula for the K energy of smooth 
hypersurfaces of CP n . 

First, let's recall the definition of the K energy ||. Let M be a compact 
Kahler manifold with positive first Chern class c\(M). Let wo,wi G c\{M) 
and let oj\ = ojq + ^f-dd£ for a smooth function £. We put co s = ujq + 
s^^-dd^ and define 

(2.1) A^( Wo , Wl ) = _i^ 1 N^R^-m^Ads, 

where R(u s ) is the scalar curvature of the metric, m is the complex dimen- 
sion of M and V is the volume of X with respect to ujq. The functional A4, 
which is called the K energy by Mabuchi, has the properties: 

1. M(u Q ,ux) = -M(ui,u ), 

2. M(uq,U)x) + M(ui,U2) = M(u ,L02), 

where u>o,wi,W2 G c\(X). 

From now on, let's assume that to is the Kahler form of the Fubini-Study 
metric of CP n . Let M be a hypersurface in CP n defined by the polynomial 
F = of degree d. Of course, we need d < n to insure that M is Fano. 
Let Ao, • • • , A n be integers such that Y17=o ^ = ^- ^* ^ e ^ ne polynomial 
defined by 

F t (Z ,--- 1 z n ) = F(t- Xo z ,--- ,r x -z n ), 
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and let Mt be the hypersurface denned by the zero set of Ft. Geometri- 
cally, Mt is the image of M under the automorphism o~(t) generated by the 
holomorphic vector field X = Y2i=o^i^i'M : - The automorphisms o~(t) can 
be written as o~(t)([Zo, ■ ■ • , Z n ]) = [t a °Zo, • • • , t an Z n ]. Using these automor- 
phisms, one can define a family of Kahler forms ut = o~(t)*oj on M. It is easy 
to see that both (n — d + 1)oj and (n — d + l)cot are Kahler forms of M in the 
cohomological class ci(M). Define M.(t) = M.{(n — d + (n — d+ l)cot)- 
It is a well known result |^] that if M admits a Kahler-Einstein metric, then 
M(t) has a lower bound. 

Proposition 2.1. Using the notations as above, we have 

t^M(t) = 2{n ~ 1} I (mc(uj\ Mt )-(n-d + l)uj\ Mt )0oj n - 2 , 
at a J Mt 

where 9 is defined as 

(2.2) 6= ^=o A ^\ 



V n 17-12 ' 
2^i=o \ Zj i\ 

and Ric (u \ M t ) is the Ricci curvature ofu\M t - 

Proof. It basically follows from the two properties of the K energy three 
lines under the equation ( p.l| ). See [|l], Lemma 2.1] for details. 

□ 

The following lemma can be found in Q, we include the proof here for 
the sake of completeness. 

Lemma 2.1. Let M be the smooth hypersurface defined as the zero of {F = 
0}. We use uj to denote the Fubini-Study metric on CP n as well as the 
Kahler form on M, which is the restriction of uj on M. Let 

IVFI 2 

(2 ' 3) 4 = 1 ° s EU| Z ,|)^-'>' 

where [Zq, • • • , Z n ] is the homogeneous coordinate in CP n . Then we have 

(2.4) Ric(u)-(n-d+l)u = -^^dd£. 

Proof. Without losing generality, we prove the above lemma on the 
open set Uq = {{Zq, • • • , Z n ]\ \Zo\ > ^\Zj\,j = 1, • • • , n} in CP n . The local 
coordinate system on Uo is (z±, • • • , z n ) where Z{ = Zi/Z$ for i = 1, • • • n. 
Under this coordinate system, the Fubini-Study metric can be written as 

T . . v^TA, 5, 



(2.5) u = -^9ijdz t A dzj = — Y, ^Y+W ~ TT+\zW )dZt A 

i,j=l 

where \z\ 2 = ^ \zi\ 2 . Let's further assume that in a small open set V of Uo, 
from the equation F = 0, we can solve z\. Namely, 

(2.6) Z\ = z 1 (z 2 , ■■■ ,z n ) 
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for a holomorphic function z\. Let the Kahler form u on V, under the local 
coordinate system (z%, ■ ■ ■ ,z n ), be written as 



4 n 

u = ~2^~ Yl dijdziAd^j, 



M=2 

and let a, = ff 1 , i = 2, • • • , n. Then by (2.5) and ( |2.6| ), we have 



+ 



y i + |z| 2 (i + M 2 ) 2 (i + M 2 ) 2 (i + M 2 ) 2 



^ij = + a i a 3 ~ ill 12 + Z l a i)( Z j + ^l a j)- 
J- ~r ^ 



l + |z| 2 (l + |z| 2 ) 2 ' 

for i, j = 2, ■ ■ ■ ,n. We want to compute the determinant det(^j). In order 
to do this, we let 

1 

Then 
Let 

-4 = (a 2 ,--- ,«n); 
-B = (z 2 + ^ia 2 , • • • ,z n + zia n ). 
Then the matrix K = (Kg) can be represented by 

K = 1 + A T A l ——B T B. 

1 + \z 2 



A straightforward computation gives 

~ .1 + I- 



KA T = (1 + |a| 2 ).4 T - :r -l^(^ T )i? T ; 



KB T = (AB T )A T + (1 - -^2 ) BT - 

1 + |z| z 

Thus the vector space spanned by the vectors A, B is K-invariant. Fur- 
thermore, on the complement of the vector space, K is the identity. So we 
have 

detif = (1 + |a| 2 )(l - J^ilj) + ^_|^ T | 2 

1 + \zr 1 + \z\ z 

(2.8) l 

= -, , i I? (1 + l a ! 2 + I y^ a iZi - z l\ 2 )- 
1=1 

Let / be the defining function of M on Uq, i.e. 

f — pn — ^zl^i _ Jl 
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Then 

A 9f J? 

^ §i=-f (*=«.-,-) 

where we define = for fc = 0, • • • , n. Thus by the homogeneity of F, 
we have 

n n y T? <y 

(2.10) 

= — (f^) = - 

1 = 1 

on M. Using (|2?7| ) and we have 

1 n 

P-") "Sa-p+i^iJijiCl'il")- 



Then by (2.3) 



det % (1 + U|2)n-ctfl ' I 9/ |2 ' 6? - 

I dzi I 



(2.4) follows from the formula of the Ricci curvature and the above equation. 

□ 

In order to represent the K energy in terms of the polynomial F, we need 
the following purely algebraic lemma: 

Lemma 2.2. With the same notations as above, let r\ be a (1, 1) form on 
CP n . Let ir : C n+1 -» CP n be the projection. Let 



(2.12) ir*r] = ^— fi^dZi A dZj. 

Then on M , 



2vr 

i,j=0 



v« = 



Mi^i 2 = Er= i^i 2 - 



Remark 2.1. The righthanded side of (|2.13| ) is well defined because a^j for 
i, j = 0, • • • , n are homogeneous functions of order (—2). 

Proof. As in the proof of the previous lemma, we can consider the 
problem only on Uq Pi {■§§-- 0}> without losing generality. Define Aq on 



CP n as follows 

1] A LO 



«-2 = ( V l)§("-l)(w-2) 
27T 

(2.14) 

• ^ (-l^+^-ctei A • • • A dz i ■ ■ ■ A dz n A dzi A • • • A dkj ■ ■ ■ A dz n 
where " * " means omit. Define 



b = (1, -a 2 , ■■■ , -On) = (1, 



dzi _ . Fh Fn> 
dzj-^ F 1 r " ' Fx' 



Then by ( [Op , we have 
r? A w n - 2 = 

(2.15) 



2tt 



l^-l(_l)|(n-l)(n-2) 



• V] A { jb i b j dz 2 A • • • A cte n A dz 2 A • • • A dz 11 

on M. Thus in order to prove ( 2.13| ), we just need to compute ^A^bibj. 
To this end, let 



(2.16) 



2tt 



I n 



and fix r, s. By ( p. 14 ), we have 
(2.17) 



2tt 



dz r A dz s A — — a kjdzk A c£z/ A a; 



n-2 



(^-^)"(-l)^ (n ~ 1)( "" 2) (-l)" _1 ^r^i A • • • A dz n . 



We also have the following algebraic fact: 



(2.18) 



nin — 1) 
By (|2.5| ), we have 
(2.19) w n = 



dz r A cfz s A a,idzk A c& Aw" 2 

2vr 2vr w fc ' 



E o^?)^- E ^W.« I ^ n 



,o,/3=l 



2?r 



Q,/3=l 



1 



" n!(-l)^- 1 ) (i + | ; |2)rt+1 & 1 A-A^ r , 



Comparing (|2~17|) , (|I|) and ( ^l"9[) , we have 

( 2 -20) = jr^Lii E ^^W* - E s a v^), 

^ 1 1 ' a,/3=l a,/3=l 



for r, s = 1, • • • , n. By ( 2.20| ), we have 

(n-2)! 



E am- 



(2.21) 



(l + | z |2)n+l 



• ( E E 9 fj hh - E 

We need the following 
Lemma 2.3. Using the same notations as above, we have 

n n 

(2.22) E ^a^ = l^o| 2 (l + M 2 )E^> 



a,/3=l 
n 



i=0 



(2.23) E = (1 + 



(2.24) 



l^il 2 



\2 ^ a 



E rt^«55^ = l^o| 2 (l + N 2 ) 

where aq is defined in ( 2.12[ ). 

Proof. Comparing ( 2.12] ) and ( |2.16| ), we have 

f a fcl = %y l Z o| 2 , k,l=£0; 



\Fi\ l 



(2.25) 



Er=i^ a ii = -«o,r l Z o| 2 , Z^O; 

EJ i~/"/,J = -5*5 • l Z o| 2 , fe / 0; 

En — ~ I r/ |2 

i,j=l z i z j a ij — a 00 ' 1^0 1 • 

Since ^ = (1 + |-z| 2 )(5 Q/3 + 2 a 2/j) 5 by (|2.25| ) , we have 



E *°%J 



a,P=l 



(1 + \A 2 ) E + Z ^K/3 = l Z ! 2 E 

a,/3=l 



a=0 



This proves ( |2T22|) . By ( |2?L0|) , we have 

n 

E z ^ = 

i=i 

on M. Thus ( |2.23| ) and (|2.24 ) follow from a straightforward computation 
using the above equation. 

□ 



Continuation of the Proof of Lemma |2.2|. By Lemma 2.3, we have 



(0. 0fi\ 



a, [3=1 i,i=l i,j,a,{3=l 



By O, 

(2.27) w \ 2tt J [ ' (l + |z| 2 )™ |Fi| 2 

• dz2 A • • • A dz n A dz2 A • • • dz n . 

follows from ( gig) , (jjjl ), ( gjgg) and (|2.27|) . 

□ 

Lemma 2.4. Lei £ 6e t/ie function defined in fl2,3| ) and Zei 6e defined 
in (2.2). T/ien we /wye 



-1 



(2.28) 



2vr 



d£ A 86 A cv 



n-2 



n 



k=0 

Furthermore, we have 



|VF| 2 



(d- 1)5 w 



n-l 



1 



(2.29) 



2tt 



A dd Aui 



n-2 



M 



n 



/ \ — 1 n-d+1 



5w 



n-l 



Proof. Let = d£ A dd and let 



7T 77 



2tt 



T n — 

- d,;jdZj AdZj. 



Then we have 



0,1 



i,j=0 



13 5Zi 9Zj 
A straightforward computation gives 

E n k= (XF)^k + E n k=0 ^\F k \ 2 



i=0 



(d-l)l 



and 



|Z| 2 |VF| 2 v 7 |Z| 2! 

E • ,=o _ • E " fc=0 ^ W fc 



|VF| 2 |Z| 2 |VF| 4 
on M. Thus by Lemma 2.2, we got ( p. 28 ). Using Lemma 2.2 again by 
setting ^^-rj = ddO, we have 



(2.30) 



-1 



ddO Aw"" 1 



1 / nH Ek^ )w -i 



2tt n-l v "" ' |VF| 2 

]23) follows from (gjf), (|2730[) and the Stokes Theorem. 



□ 
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Although not needed in this paper, we give a simple proof of the following 



formula for the Futaki invariant in M as an application of Lemma 2.1 



Lemma and Lemma \2A . 

Corollary 2.1. Let M be a smooth hypersurface in CP n defined by the 
homogeneous polynomial F = of degree d. Let X be a vector in CP n 
satisfying 

(2.31) XF = kF. 

The Futaki invariant is defined as 

F{X) = - [ X(Ou n -\ 

JM 

Then 

(2.32) H X) = - {n + m - l) .. 

n 

Proof. We have 

(2.33) i(X)to = -89. 
Since X leave M invariant, we have 

0= f i(X)(d£Au n - 1 )= [ X& n - l + {n-l) [ d£Ad6ALU n - 2 . 
JM JM JM 



By the above equation and ( 2.31 ), we have 

F{X) = - f w n-1 + (n-d+l) I 6uj n - 1 . 

JM JM 

By Theorem 5.1], we have 

f eu n ~ l = -. 

Jm n 

( 2.32| ) follows from the above two equations. 

Finally, we have the following 
Theorem 2.1. The K energy M(t) can be represented as 

( , 34) ™-U{ti{-U™l 

+(n-d + l) J Gu^jj dr, 

where 

F T (Z ,--- ,Z n ) = F(T- Xa Z ,--- ,T- x "Z n ), 
li 



□ 



n-l 



and M T is the zero set of F T = 0. In particular, we have 
(2.35) 

^w-i(-sft)^ ,+(B - ,,+i) / 



M t 



Proof. The theorem follows from Prop Lemma 2A and Lemma 2.4 . 

□ 

3. The limit of the derivative of the K energy 



In this section, we compute the limit limi.M / (i) using Proposition 2.1. 

First, we need some combinatoric preparations. 

Let (5i,(Ji),i = 0, • • • ,p be a sequence of pair of nonnegative rational 
numbers. 5q = 0. We assume that the sequence is "generic" in the sense 
that 

1. All Si, (i = 0, • • • ,p) are distinct numbers(that implies 5i > 0, i = 

2. None of the three lines defined by ipi(x) = <5j + <TjX, (i = 0, • • • ,p) 
intersect at the same point. 

Define (ifc, r^), (fe = 0, • • • , m) inductively as follows: let £q = 0, ro = 0. If 
(ifc,rfc) has been defined, then 

1. If for any r > r& 

(5 ife + <7 ife r < Si + <7jr (i 7^ i k ), 

then let m = k and stop; 

2. If not, then define ik+i and r^+i > r^ such that 

(3.1) S ik + a ik r k+ i = S ik+1 + a ik+1 r k+1 < Si + a^k+i, 

where i = 1, • • • ,p. Since (5i, ffj), i = 0, • • • ,p are "generic", the choice 
of (ik, r k ) is unique for (k = 0, • • • , m) . 
We have the following obvious 

Lemma 3.1. (i k ,r k ), (k = 0, 1, • • • ) is a finite sequence. In particular, the 
sequence stops at (i m ,r m ). 

Proof. By the construction of i^'s, we have 

O~i > CTi-t > ■ ■ ■ > G ik > ■ ■ ■ . 

Thus all i k 's must be distinct. But < i k < p. So the length of the sequence 
is at most p + 1 . 

□ 

Let 

(3.2) ip(x) = Mm(5i + a { x). 

The function tp(x) is a piecewise linear function, its derivative exists almost 
everywhere. r k , (k = 1, • • • , m) are the non-smooth points of tp(x). 
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Lemma 3.2. Assuming that ai m = 0, we have 

rn—l poo 

(3.3) ^(- 5ik + 6 ik+1 )(a ik +a ik+1 - 1) = / i(/(x)W(x) - l)dx. 

Proof. First, let's remark that for x large enough, ip = 5i m is a constant. 
Thus the integral in the lemma is convergent. 

By definition of Tf.{k = 0, ■ ■ ■ , m) in (|3.1| ), we have 

for k = 0, • • • , m — 1. Thus we have 
m— 1 m— 1 

^ (-<5 ifc + fcfc+xXffi* + ^fe+a ~ X ) = E ^K.- ~ + (^o - *im)- 

fc=0 fc=0 

The second term of the above equation is equal to 

tfj'(x)dx. 



o 

For the first term, using the summation by parts, we have 

m— 1 m—X 

fc=0 fe=l ^° 

Combining the above two equations, we get ( p.3[ ). 

□ 

Consider the smooth hypersurface M C CP™ defined by the polynomial 
F = of degree d. Let X = Ya=o^ Z ^'M : ^ e the vec t° r field for integers 
(Ao, • • • , A n ) such that ^ Aj = 0. Let Mt be defined by the equation 

(3.4) F t (Z ,--- 1 Z n ) = F(t- x °Z ,--- ,t~ x "Z n ). 
We write Ft as 

(3.5) F t = t 8 Y J a ^ Z f--- Z n^ 

i=0 

where <5o = 0, and Si > 0, i = 1, • • • , p. By Q3.4| ), we have 

(3.6) X(Z< ■••Z<) = + • • • Z< 
for i = 0, • • ■ ,p. 

In what follows we assume that the choice of (Ao, • • • , A n ) is "generic" in 
the following sense: 

1. All Si's are distinct; 

2. None of the three lines defined by Si + a\x for i = 0, • • • ,p intersect at 
the same points, where k = 0, • • • ,p. 
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Without losing generality, we may assume that 5o = 0, ao = 1 and = 
5o < 5i < 62 < • • • < S p . We also assume that ao , • • • , a p are all non-zero. 
Furthermore, since M is smooth, we see that for each < k < n, there is 
an < i < p such that a\ = 0. 

Let Ui = {[Z ,--- ,Z n ] £ CP n \\Zi\ > \\Zj\,j = 0, • • • ,n}. Then UU { = 
CP". Let Pi = {Z,i = 0} and P y = P,n Pj for i ^ j and *, j = 0, • • • , n. Let 
a > be chosen so that er < ^Min(<5j) (Note that Min(<5j) > 0) and define 



i>l 



v, 



{z\d(z,Pij) < \t\ a },i / = 0, ••• ,n, 



where d(-, •) is the distance induced by the Fubini-Study metric on CP n . 

A 1\ -A a a 

By (|3.5|), we see that t F t — > Z ° ■ ■ ■ Z n n as t — > 0. Intuitively, M t goes 

to the hyperplanes defined by Z Q ° ■ ■ ■ Z n n =0. The following lemmas make 
this observation rigid. 

Lemma 3.3. There is a o\ > a such that for any < k < n and 

[z ,--- ,z n ] g (M t -ul j=0 vfj)nu k , 

one can find a unique I 7^ k such that 



Z, 



Zi- 



< t 



for t small enough. 



Proof. By (3.5) we have 



a 
Z 



(3.7) 

Thus if for any I ^ k, 
we could have 



Z^, 



1 = 1 



Zi 



z k 



> t 



\zf°---zf« \ > \t\ aid \z h \ d . 



This is a contradiction since we choose a\ such that 

a < (7i < -Mm( 8i). 

d i>l 

□ 

We are now going to prove that for t small enough, the connected com- 
ponents of M t \ U are graphs. We set 



and let 



Qi — {[Zq, 



P i = P t -U^ i V< j , 
• Z n ]\[Zo, • • • , Zi-i, 0, Zi+\, • • • , Z n ] G Pj}, 

i 
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for i = 0, • • ■ , n. By (|1.3| ) and ( |1.4| ) , we have 

(3.8) *f( x o, ■■■ , x n ) = Min (5 + 5i + a x H h a^x n ). 

0<i<p 

Remark 3.1. and ^ (i = 0, • • • , re) are defined even Ao,--- , A n are not 
choosing "generically" . In the special case when 

XF = kF, 

we have 

tPi(x) = —k + ( Min oP- )x 
0<j<p 1 

for < i < n. Thus if M is a normal variety, we have 
In particular, in this case 



Min a] = or 1. 

0<i<p 



ri(xM(x)-l) = 

for < i < n. 

Proposition 3.1. Using the notations as above, we have 



(3.9) 



M t nQi JT \ \vft\ J A 

- <Pi(x)(tPi(x) - l)dx + o(l) 







for i = 0, • • • , re as i — > 0. 



Proof. For the sake of simplicity, we omit unimportant constants in an 
inequality. Thus in the proof of this proposition, A < B means there is a 
constant C independent of t such that A < CB. 

We just need to prove the theorem for the case i = 1. If a® = 0, then 
the proposition is automatically true since ip^ = 0. Thus we assume that 
«5 > 1. We work on M t flQinf/o , without losing generality. 

We assume that (zi, ■ ■ ■ , z n ) = (^, • • • , ^) on Uq. Then F t = can be 
written as 

(3.10) f = J2a i t 6 *z?---z<=0 

i=0 



with ao = 1 and 5o = 0(see (|3.5|)). The sequence (5i,a\),(i = 0, • • • ,p) 
is assumed to be a "generic" sequence mentioned at the beginning of this 
section. 

For (zi, ■ ■ ■ , Zn) S Pi fl Uq, we have 

N > W, 
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for i = 2, ■ ■ ■ ,n. Let = 1, ■ • ■ , a^ fe - a" fe+1 , A; = 1, ■ ■ ■ , m) be the (a[ k - 
a" fc+1 )-th roots of 

" ^2 n 

Then we have the following 

Lemma 3.4. For <r > small enough, there is a constant £q > such that 
the solutions of Z\ of f = satisfies 

\zi-&\<\&\-\t\ eo 

for (i = l,--- , a^* — a5* +1 ,fe = 1, ■ ■ ■ , m). Furthermore, the balls B\ = 

{z G C\\z-Ci \ < ICiM 60 } f° r (* = V" -a" fc+1 ,fc = l,--- ,m) do no* 
intersect each other. 

Proof. In the proof, the scripts i, k are always running in (i = 1, ■ ■ ■ , o^ fe — 
a" fc+1 , fc = 1, • • • , to), unless otherwise stated. We choose e\ > such that 

ei < Min Min & + a\r k - (p^k)). 

0<k<mi^i k ,i k+ i 



Define f k and <7& as follows 

fk = a lh t^ z ? ■ ■ ■ c + w ifc+i ^ • • • , 

and 

9k = f - fk- 
By the definition of we have 

\ t \r k +Ca < |^fc| < | t |r fc -C«r 

for some constant C independent of t. We also have 

\ 9k \ < \tr^^- d - 

on and 

l/fel > |t|^ l(rfc ) +eo+a!,T 

on <9-B?\ We choose a small enough such that £\ — da > |ei and Eq small 
enough such that £q < ^E\ Thus we have 

\fk\ > \9k\ 

on dBf. By the Rouche Theorem, f k and f = fk + 9k have the same number 
of solutions in Bf. Since f k has only one solution in Bf, we prove the first 
claim of the lemma. Next, if t is small enough, we have a constant C such 
that 

l4 fc -^l>CMax(|4 fc |,|^|). 
Thus if t is small enough, B\ 's do not intersect each other. 

□ 
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Continuation of the proof of Proposition 3.1. For simplicity, let 
F = Ft. For fixed i,k, attaching the B\ in the above lemma for each 
p G Pi n Uq, we get a bundle Bf. On each Bf, by (3J3), we have 

(3.11) 

V ( XF \ (f) - {XF)l {XF)Fn i ,m 



(-K + K + ,)K k K k - 1) - «i fc+1 K fc+1 - 1)) , m 

1 ; : 1" 0(1) 

(a? -o> +1 ) 2 

_ _ 5 + ^ fc+1 «i fc+i + - + «i fc+i - 1) om 

- ai fc+1 

as i — > for k = 0, • • • , m — 1. By the same argument, the above equation 
is also true for p G Pi n {/; for / ^ 0. Thus the equation is true for p € Pi. 
On the other hand, by (|3,10|) , we have 

(3.12) detvr = o(l) 

as t — ► 0, where 7r : Qi - » Pi is the projection. Thus by ( 3.11 ) and Q3.12| ), 
we have 

XF t \ \ n-l 



i^tnQxSd^l 2 ) 



'AftHQi ~ \ I v ^tl / A 
m— 1 

= (-fa? + + E (** " VJK* + «i fc+1 ))vol(CP"- 1 ) + (1) 

fc=0 

as t — ► 0, where a™ = by the smoothness of M. The proposition follows 
from Lemma |J and the fact vo^CP™" 1 ) = 1. 

□ 

Lemma 3.5. Let p be a fixed point in Mt and let d(x,p) be the distance 
from x £ CP n to xq defined by the Fubini-Study metric. Let B p {e) = {x £ 
CP n \d(x,p) < e}. Then there is a constant C independent ofp,e andt such 
that 

(3.13) f uj n ~ x < Ce 2n ^ 2 (e a log|t|- 1 + Ioge- 1 ) > 

JM t nBp(e) 
for t and e small enough. 

Proof. Consider the cut-off function p : R — > R such that p > is 
smooth, p = 1 on [0, 1] and p = on (— oo, — 1] U [2, +oo). Then we have 



M t nB p (e) JM t 
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Let Ft be the defining function of Mt. Then in the sense of distribution, we 
have 



FA 2 



2vr 6 (E"=ol^lY 



[M t ] - dw. 



Thus we have 
(3.14) 



/ pu n - 1 = df pu n + / p^ddlog ^J- Ftl ~ 
JM t JCP n JCP n 



2tt 



,n-l 



We have an easy estimate for the first term of the right hand side of fl3.14|) : 

(3.15) f pu n < Ce 2n . 

JCP n 

For the second term, assume that p G Uq = {[Zq, • • • , Z n ]\\Zo\ > ^\Zj\,j = 
1, • ■ , n}. Then by (3.5) 

F t = t h Ztf u 

a a 

where ft —* /o = ^ 1 • • • z n n ^ 0. Thus using integration by parts, we have 

r .nr ip.i2 



(3.16) 



p -2T a01og (E^W)- w 



c 



log |/t|dVb 



\z\<2e 



where dVo = {*%r) n dz\ A d~Z\ A • • • A o?z n is the Euclidean measure and 
|z| 2 = |2!i| 2 + -- - + |z n | 2 . By changing the variables, the second term of the 
above integral becomes 

(3.17) % [ log \ft\dV = Ce 2n - 2 \oge- 1 + Ce 2n - 2 [ log |/ t |d^ 

£ J\z\<2e J\z\<2 

By a theorem of Phong and Sturm H , we have 



(3.18) 



/ log|/ t |-W <C 

J|z|<2 



for t small enough. fljU3|) follows from ( gig ), §T5|), (p7|) and ( gg ). 



□ 

Lemma 3.6. There exists a constant C > sucft. t/iai /or i small 

v / w™- 1 < ciii^iogiir 1 . 

Proof. Fixing i, j, there is a constant Co independent of e such that one 
can find points p\, ■ ■ ■ ,p m G Pjj for m = [ ^-4 ], we have 

fc=i 
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Thus by the above lemma, we have 



f u"- 1 < V / 



n-1 



k=1 JM t nB Pk (\t\"+e) 



By the Lemma 3.5, we have 

/ c"- 1 < -2^4 c*r + ef n -\(w + e? log ir 1 + io g (i*r + ^r 1 )- 



The lemma follows from setting e = \t\°~. 



□ 



Lemma 3.7. There exists a constant C independent oft such that for any 
measurable subset E of Mt 



n-i 



< Cyioglil- 1 • y/meas(E), 



d£ A 86 A u 



where the functions £ and are defined in fl2,3j ) and (|2.2| ) , respectively. 

Proof. Since M% is a submanifold, the Ricci curvature has an upper 
bound. Thus from (|2.3|), we have a constant C such that 



(3.19) 



-1 



2tt 



On the other hand, since [t x °Z , ■■■ , t Xn Z n ] £ M t iff [Z , • • • , Z n ] G M, we 
have 

n 

|VF t | 2 (t A "Z ,-- - ,t A "Z n ) = ^|t|- 2A; |F fc | 2 (Z ,--- ,Z n ). 

Since M is smooth, we have 

-Clog It]" 1 < |£| < Clogltl" 1 

for some constant C. Using integration by parts, from ( 3.19| ), and the above 
estimate, we have 

/ {V^- 1 <C [ + Clog |tr x )u; n_1 < Clogltl" 1 . 

JM t JM t 

If E is a measurable subset of Mt, then we have 



J E 



d£ A 89 A 



,n-2 



< 



/ < Clog|t|-V meas (^)» 



by the Cauchy inequality. 



□ 
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Proof of Theorem ITTTL By Proposition 3.1, we have 



(3.20) 



XF t 



^5 JM t nuQijr v I v^ti y A 

n roc 

-Sd-J2 ^(x)(^(x)-l)dx + o(l 

■/ 



as i — > 0. We are going to prove that 



(3.21) 



ma u Qi Viv^i y A 



as t —* 0. In order to see this, let's recall that we have 



Af f \ U Qj 

i— 



2vr 



n-2 



n — 1 



M t \ U Qi TZ, VI V ^I / A 

i—0 ^ u 



+ SoM^ _ (d _ i)^ ) 1 



by Lemma 2.4, Since 9 and the function T£ ^3 are bounded, we have 



A=0 



«l J A 



< j n (laei+iy- 1 , 



by ( 2.28| ). By Lemma 3.7 the righthanded side of the above equation is less 
than or equal to 



C v / log|t|- 1 A /meas(Mi\ U Qi) + meas(M t \ U Qi). 

y i=0 i=0 

If we can prove that there is a constant C such that 



(3.22) 



M t \ .U Qi C U.^f . 



1=0 tyj 

Then ( |3.21 ) will follow from Lemma [0]. To see fl3.22| ), let's consider a point 



p £ Mj\ U Qi. Without losing generality, we assume that p € Uq. By (3.7), 
i=o — 

we can find a k ^ such that 

i-^fci < i*ri^oi 

for t small enough. By definition, p £ Q^. Thus there is a j ^ 0, k such that 

I Zj | ^ 1 1 1 CT | | 



Thus p £ V^J* for some constant C. ( 3.22] ) is proved. 
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Combining fT20|) and fl3^21p , we have 



E 



XF t 



M t — \\VF t \ 2 /A . =0 
as i — > 0. Finally, since 9 is a bounded function 



0a; 



n-l 



Alt 



0w n_1 + o(l) 



Ah 



as i — ► 0, where Mo is defined as the zero set of Z Q ° ■ ■ ■ Zn n = counting 
the multiplicity. In [Q, Theorem 5.1], it is proved that 

8 



0uj 



n-l 



Aio 



71 



By ( 2.35| ), we have 



tM'(t) = *W n + 1 K d -V 



d 



n 



n poo \ 

+ d(*WiW-l)dx)+o(l) 



as t — > and Theorem 1.1 is proved. 



□ 
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